ABSTRACT Continuum robots have become a research focus because of their wide range of applications. However, because of the complexity of the mathematical models and the modeling inaccuracies of the continuum robot, the development of an effective control method is a particularly challenging task. This paper presents a proposed hybrid position/force control model of a continuum robot based on robotic and environmental compliance. For a continuum robot, first, by theoretical derivation, the forward kinematics and inverse kinematics between the driving space and task space are given directly. Moreover, a dynamics model of the continuum robot is established by the Lagrange method. Using the kinematics and dynamics models of the continuum robot described above, a new hybrid position/force control model for a continuum robot based on the compliance of the continuum robot and environment is proposed, to allow the end position of the continuum robot to be modified by the deformation of the continuum robot and environment. Moreover, the stability of the proposed hybrid position/force control model is analyzed by input-output stability theory. Finally, the experiments show that the proposed hybrid position/force control for the continuum robot is feasible.
I. INTRODUCTION
Continuum robots are a new type of bionic robot, inspired by octopus tentacles and elephant trunks. Compared to traditional rigid link robots, a continuum robot has no joints and can bend at any part; thus, it has a strong ability to avoid obstacles and better adapt to complex unstructured environments. Continuum robots offer a number of potential advantages in applications that involve medical aid [1] - [3] , industrial applications and disaster relief [4] - [7] . The architectures of continuum robot include the cable-driven continuum robot [8] , the rod-driven continuum robot [9] , the concentric tube continuum robot [10] and the pneumatic continuum robot [11] .
For a robot to be successfully interacted with the environment, the robot must have the ability to simultaneously control the end position and contact force. There are mainly two methods to control motion and contact force: hybrid position/force control [12] - [14] and impedance
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control [15] - [17] . The hybrid position/force control decouples the control signals into two orthogonal subspaces with the independent motion and force controllers. The impedance control makes the force and position control at the end of the robot equivalent to the ''spring-mass-damping'' model. In addition, the hybrid position/force control depends on the exact decomposition of the task space and the correct switching of the controller [18] . Impedance control has a strong adaptability to the transition between free movement and constraint motion [19] .
There are several different control methods of the continuum robots. Penning and Zinn [20] presented a combined control system which included a position feedback and a modal-space controller. Mahl et al. [21] provided kinematic real-time control to improve model accuracy and suitability of multi-section continuum robot. Ivanescu et al. [22] proposed shape control algorithms for dynamic models with uncertain components. Cobos-Guzman et al. [2] provided a kinematic approach for controlling the end-effector of continuum robot in hazardous environments. In addition, Xu et al. [23] presented a dynamics control strategy, which uses the forward VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ and inverse kinematics of multi-level mapping for motion resolution and compensation. With regard to compliant motion control, considering the situation in which continuum manipulators interact with unknown obstacles and environments, Yip and Camarillo [24] provided a task-space closed-loop controller for a continuum robot that did not rely on a model and could be used in constrained environments. Similarly, Goldman et al. [25] presented an algorithm for compliant motion control of the continuum robots that was subjected to unknown environment. Moreover, Bajo and Simaan, [26] presented the modeling, and control of continuum robot in a unified framework for hybrid motion/force control that was suitable for minimally invasive surgery.
When the end of the continuum robot contacts environments, and the environments may be flexible, the flexibility of the environments affects the accuracy of the hybrid position/force control of the continuum robot. In addition, the continuum robot is flexible, the flexibility of the continuum robot also affects the accuracy of the hybrid position/force control of the continuum robot. Here, to indicate the effect of the compliance of continuum robot and environment on the accuracy of position and force of the continuum robot, the compliance of continuum robot and environment is introduced in this paper. The main contribution of this paper is to propose a new hybrid position/force control model of the continuum robot based on the compliance of continuum robot and environment. Compared with other compliant motion control systems, the proposed method combines the advantages of the impedance model for the environment and the hybrid position/force control for the continuum robot. The error between the desired contact force and the actual contact force at the end of the continuum robot is used in stiffness model of continuum robot and the impedance model of the environment, to modify the end position of the continuum robot. The remainder of the paper is organized as follows. Section II presents a general kinematics model of the continuum robot. Section III establishes the dynamics model of the continuum robot. Section IV proposes a new hybrid position/force control model of continuum robot based on the robotic and environmental compliance. In Section V, the experiments show that the proposed hybrid position/force control for continuum robot is feasible. Section VI provides conclusions.
II. KINEMATICS MODEL OF CONTINUUM ROBOT A. FORWARD AND INVERSE KINEMATICS
The simplified structure of the continuum robot is shown in Fig. 1 . The continuum robot is composed of a base disk, several spacer disks, an end disk, and four super elastic NiTi wires. The central NiTi wire is the primary backbone, and the remaining NiTi wires are the secondary backbones. The primary backbone is attached to all disks, and all the disks are distributed in equal distance. The secondary backbones are equidistant from primary backbone and from each other. The secondary backbones are only attached to the end disk and slide through holes in the base disk and spacer disks; this arrangement has a dual effect: driving the robot to achieve two degrees of freedom of bending motion and providing auxiliary support to increase the stiffness of the continuum robot.
For the convenience of the derivation of the presented theory, the model assumptions of the continuum robot are summarized as follows: (1) the disks of the continuum robot are thin, so the thickness of the disks is ignored; (2) the friction between the disks and backbones is neglected; (3) every backbone is invariably perpendicular to the base, spacer and end disks. The simplified geometric model is shown in Fig. 2 It is assumed that the bending model of each backbone of the continuum robot is the arc with constant curvature. When the structure of the continuum robot is fixed, the length of the primary backbone is constant; thus, l is assumed to be constant. Because the backbones are very thin, the diameter of the backbones is ignored. To facilitate kinematics modeling, the mapping relationship of the driving space, joint space and task space can be represented in Fig. 3 . First, the mapping relationship between the task space and the joint space can be readily derived [27] by
Next, the mapping relationship between the driving space and joint space is given [27] as
Because the continuum robot has two degrees of freedom, the configuration of the continuum robot can be determined by two driving forces. Next, assuming that the forces f 1 and f 2 take effect. The three variables l 1 , l 2 and l 3 are simplified into two variables l 1 and l 2 in the driving space. Thus, equation (2) is simplified as follows:
From (3), one can obtain (1), the forward kinematics of the driving space to the task space can be obtained as follows:
Next, the inverse kinematics of the driving space to the task space is deduced. First, the second equation in (1) is divided by the first equation in (1) to obtain
Because each equation in (1) is a transcendental equation about θ, it is very difficult to obtain the expression form of θ. Here, the Taylor expansion of sinθ in θ = 0 rad is stated by
Substituting (7) into the third equation of (1) yields
Next, substituting (6) and (8) into (3), the inverse kinematics of the driving space to the task space is obtained as follows:
B. JACOBIAN MATRIX Here, the Jacobian matrix is derived. First, the forward kinematics of the continuum robot is given as follows:
Hence, the Jacobian matrix can be obtained [17] by
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, and J is a time-varying matrix, whose elements are functions of driving variable q.
First, differentiating (1) and (3), yields
Substituting (12) and (13) into (11), the Jacobian matrix of the continuum robot can be obtained by
where
III. DYNAMICS MODEL OF CONTINUUM ROBOT
The Lagrangian dynamics equation of the continuum robot in the global coordinate system O − xyz is given [27] by
T is the driving force, M is the inertia matrix, C is the matrix of Coriolis and Centrifugal force, and K is the generalized stiffness matrix; the forms are expressed as follows:
and
When the end of the continuum robot contacts environment, and contact force is not zero, then, the contact force causes deformations of environment. Supposing that the deformation of environment in the global coordinate system O − xyz satisfies impedance model, which is given by
T is the contact force between the end of the continuum robot and environment,
T is the deformation of environment,
T is the damping coefficient matrix of environment, and
T is the stiffness coefficient matrix of environment; the three components of F r , X r , M r , C r and K r are components along axes x, y and z, respectively.
Moreover, the end of the continuum robot is subjected to force F r ; thus, the required driving force to generate force F r is as follows:
According to (20) and (21), when the end of the continuum robot contact with environment, the dynamics equation of the continuum robot becomes
Equation (22) provides the force and position relations of the following hybrid position/force control of the continuum robot.
IV. HYBRID POSITION/FORCECONTROL OF CONTINUUM ROBOT
A. CONTROL SCHEME To allow the end of the continuum robot to be successful and safely interact with environment, the continuum robot must be provided with the ability to simultaneously control its end position and contact force. Therefore, based on the aboveproposed kinematics and dynamics models, we propose a new hybrid position/force control model to allow the end of the continuum robot to maintain the desired position and contact force toward environment surface. The end of the continuum robot first reaches the desired position of environment by two driving secondary backbones; next, two driving secondary backbones are operated to achieve the desired contact force between the end of the continuum robot and environment. The primary and secondary backbones of the continuum robot are compliance, so the continuum robot is compliance. When the end of the continuum robot contacts with the environment, the contact force will make the continuum robot deform. Thus, in this control model, the compliance of the continuum robot and environment is introduced simultaneously. K c is defined as the stiffness of the continuum robot. The deformation of the environment is equivalent to the impedance model in (20) . The force control loop and position control loop are connected through stiffness model of the continuum robot and the impedance model of the environment. The error between the desired and actual contact force at the end of the continuum robot modify the end position of the continuum robot via stiffness model of the continuum robot and the impedance model of the environment. Fig. 4 shows the proposed hybrid position/force control for the continuum robot based on the environmental compliance. The control system consists of a position control and a force control system that directly achieves the desired contact force and the desired position tracking control. Assuming that all variables of the hybrid force/position control of the continuum robot are represented in the global coordinate system O − xyz, the selective matrices S 1 and S 2 determine the end of the continuum robot as position control or force control. The selective matrix S 1 in the position control loop is a diagonal matrix with only 1 or 0 on its diagonal, which indicates the end position control of the continuum robot. Similarly, the selective matrix S 2 in the force control loop is a diagonal matrix with only 1 or 0 on its diagonal, which indicates the end force control of the continuum robot. For the whole hybrid position/force control system, S 1 + S 2 = I , where I is the unit matrix. When the end of the continuum robot contacts environment, the inertia, damping and stiffness coefficients of environment can be chosen according to the application. In this work, to facilitate hybrid position/force control of the continuum robot, here, it is supposed that inertia and damping coefficient matrices of environment in (20) are ignored and equal to 0 matrix, and the stiffness coefficient matrix of environment is K r in (20) . 
, where X d = F e /K r and X c = F e /K c . Furthermore, supposing that X p is the actual end position of the continuum robot, the desired end position error X = X d − X p is obtained. Next, X is multiplied by the position selection matrix S 1 , and through the inverse kinematics calculation in (9), the desired driving variable error q is obtained. Afterward, using the dynamics equation in (16), the driving force U P is obtained, as shown in (23) . Moreover, in the force control loop, F r is the contact force in (20) ; thus, the desired contact force error is given by F e = |F d − F r |. F e is multiplied by the parameter K −1 r to obtain the deformation of environment X d . Moreover, F e is multiplied by the force selection matrix S 2 , and, using the force Jacobian in (21), another driving force U f , is obtained, as shown in (24) . Thus, by (23) and (24), the total driving force F can be obtained as (25) . Next, the controller controls the motors, which make motors generate the driving force F. Driving force F causes motion of continuum robot, to realize the position and force control of the end of the continuum robot with environment.
B. STABILITY ANALYSIS OF CONTROL SCHEME From equation (25) , the general form equation of hybrid position/force control for continuum robot is given as
Next, the stability of the proposed hybrid position/force control model of (26) is analyzed. The task to be done by the continuum robot is to track the time-varying trajectory q d . First, suppose the position error is e = q d − q, and definė
where A is a positive definite matrix. Next, consider the controller
where K d is a positive definite matrix. Substituting (28) into (26), the closed-loop system equation is obtained as follows:
Simplifying (29) yields
Here, by defining
Equation (30) can be written as
Next, taking a function
The matrix M is a positive definite matrix, so v(t) ≥ 0. Thus, the derivative of (33) can be given bẏ
According to the skew-symmetry of matrix (Ṁ − 2C), the following is obtained:
Because K d is a positive definite matrix, one obtainṡ
Equation (36) indicates that v(t) is monotonic and bounded. Thus, when t → +∞, t 0 exists such that
To facilitate the following analysis, the following relevant definitions and lemmas are introduced. [28] . When p is equal to 1, 2 and ∞, then, three special norms are stated by 
is locally integrable. Based on the definitions of norms and locally integrable functions, the definitions of following three sets are given as follows:
∈ L n and ess sup g (t) < +∞}, where g (t) is an arbitrary norm of g (t), and ess sup g (t) represents the essential supremum of g (t).
Lemma 1: Assuming functions e (t) ∈ L n and ξ (t) ∈ L n , for an input-output system [29] :
whereē (s) andξ (s) are the Laplace transform of e (t) and ξ (t), respectively. W (s) is a n × n matrix, and each element of the matrix is a rational function about s. If W (s) is strictly regular and exponentially stable, and
is uniformly continuous when t ∈ R + e (t) → 0, when t → +∞ (39)
Supposing that λ min (M ) is the smallest eigenvalue of matrix M , from (34), one obtains
According to (40), it is obtained that p(t) is the bounded function on t ∈ R + , namely, ξ ∈ L ∞ n . Next, by (35) and K d , which is a positive definite matrix, yieldṡ
According to (41), one obtains
Using (37) and (42), yields
Because the Laplace transform of ξ =ė + Ae is given as
one obtains
Because A is a positive definite matrix, W 1 (s) is strictly regular and exponentially stable. Thus, by (26) , one obtains
Hence, e (t) → 0 andė (t) → 0, when t → +∞. It shows that the proposed hybrid position/force control model of the continuum robot is stable.
V. EXPERIMENTS
The proposed hybrid position/force control of the continuum robot based on the environmental compliance is implemented on a NiTi wire driving continuum robot, as shown in Fig. 5 . Three experiments are presented in the reminder of this section: the force control in the flexible and rigid environments, the position control in the flexible and rigid environments, and the hybrid position/force control in flexible and rigid environments. r d is defined as the radius of the disk. h d is the diameter of the backbone. E denotes the elastic module of the backbone. I b is the moment of inertia of the backbone at the cross section. The designed parameters of the continuum robot are shown in Table 1 of each disk is 1.3 gram. The secondary backbones are connected with three stepping motors that produce the driving force to bend the continuum robot. The tension sensor is used to record the driving force produced by the motors. The type of stepping motor is 57BYGH276-3004B8A. Controller of stepping motor is MC9S12DG128 microcontroller. The type of stepping motor driver is SH-203A.
The experimental setup consists of a continuum robot, a coordinate paper, sponge, a hard plate, and a 6 DOF force/torque sensor (OPTOFORCE-HEX-70-XE-450), as shown in Fig. 6 . The coordinate paper and 6 DOF force/torque sensor are used to record the end position and the contact force of the continuum robot, respectively. To simplify the experiments, the sponge represents the flexible environment that the continuum robot contacts; this flexible environment is deformed in the experiments. The hard plate represents the rigid environments that the continuum robot contacts; this rigid environment is not deformed in the experiments. In the following experiments, the secondary backbone 3 does not generate driving force, and secondary backbone 3 can not make the continuum robot bend, only secondary backbones 1 and 2 generate driving force that make the continuum robot bend.
A. FORCE CONTROL IN THE FLEXIBLE AND RIGID ENVIRONMENTS
This section of the experiments demonstrates that the continuum robot can control force at different configurations in both flexible and rigid environments.
First, the force control experiment in the flexible environment is implemented. The experimental setup consists of a sponge and a 6 DOF force/torque sensor, as shown in Fig. 7 . O u − x u y u z u is the object coordinate system, in contrast to the global coordinate system O − xyz; the direction of x u -axis is opposite to the direction of x-axis, the direction of y u -axis is opposite to the direction of z-axis, and the direction of z u -axis is opposite to the direction of y-axis. To test the efficacy of the proposed hybrid position/force control in flexible environment, we implement and evaluate the proposed hybrid position/force control to maintain the constant position while changing the magnitude of contact force along the x u -axis. The continuum robot is bent according to the following configurations in the x u -direction:
• . At each configuration, the magnitude of the desired force is set to 0.5 N, 1.0 N and 1.5 N. The stiffness of the sponge along the x u -axis is K s = 0.3(N/mm). The stiffness of continuum robot along the x u -axis is K cx = 0.1(N/mm). The mass of the sponge is 50 grams. The force measured by the 6 DOF force/torque sensor, which the force measurement has been biased with the weight of the sponge. • , θ = 40
• , θ = 60
• and θ = 80
• . Each graph shows the time history of two quantities: the desired force (black) and the sensed force by the 6 DOF force/torque sensor (blue, pink, green). The results are summarized and compared in Table 2 .
Next, the force control experiment in the rigid environment is implemented. The experimental setup consists of a hard plate and a 6 DOF force/torque sensor, as shown in Fig. 9 . The quality of the hard plate is 23 grams. The method of the force control experiment in the rigid environment is the same as the force control experiment in the flexible environment.
The results of the force control experiment in the rigid environment are summarized and compared in Table 3 . From Table 2 and Table 3 , the experimental results show that the hybrid position/force control can adjust the magnitude of force in the flexible and rigid environments with different configurations. Comparing Table 2 and Table 3 , under the circumstance that the configuration and the desired contact force of the continuum robot are the same in both flexible and rigid environments, the rise time of the force control experiment in the flexible environment is comparatively longer than that in the rigid environment; at the same time, the steady state error of the force control experiment is larger than that in the flexible environment. The accuracy of the force control depends on the configuration of the continuum robot. The steady-state errors come from the friction between the secondary backbones and the spaces disks of the continuum robot, and the measurement error of the force sensor.
B. POSITIONCONTROL IN THE FLEXIBLE AND RIGID ENVIRONMENTS
The following experiments are used to show that the continuum robot can control position in the flexible and rigid environments. First, the proposed hybrid position/force control was implemented to maintain the constant contact force while changing the end position of continuum robot on the sponge. The continuum robot was also bent to the four poses in the
• and ϕ = 0 • , θ = 80
• . At each configuration, the magnitude of the desired force is set to 0.5 N, 1.0 N and 1.5 N. X fmax is defined as the maximum error of the trajectory tracking in the flexible environment. The experimental results are summarized and compared in Table 4 .
Next, the position control experiment of the continuum robot in the hard plate is implemented. The method of The results of the position control experiment in the rigid environment are summarized and compared in Table 5 .
In Table 4 and Table 5 , the experimental results show that the hybrid position/force control can adjust the end position in the flexible and rigid environments with different configurations. Comparing Table 4 and Table 5 , under the circumstance that the configuration and the desired contact force of the continuum robot are the same in both the flexible and rigid environments, the maximum error of trajectory tracking in the flexible environment is comparatively larger than that in the rigid environment. The accuracy of trajectory tracking also depends on the configuration of the continuum robot. The trajectory tracking errors in the x-direction are generated by unpredicted bending shape and extension/ contraction of the actuation lines. 
C. HYBRID POSITION/FORCE CONTROL IN THE FLEXIBLE AND RIGID ENVIRONMENTS
This part of the experiments is used to illustrate that the proposed hybrid position/force model can control force and position at the same time with different configurations in both flexible and rigid environment.
First, the proposed hybrid position/force control that changes the end position and contact force of the continuum robot on the sponge are manipulated at the same time. Here, the continuum robot was also bent to the four configurations in the x u -direction:
• . At each configuration, it is assumed that the contact force • , θ = 40 • , θ = 60
• . Each graph shows the movement trajectory of three quantities: the desired trajectory (black), the actual trajectory with F r = 0.2t (red) and the actual trajectory with F r = 0.4t (green). The method of the proposed hybrid position/force control experiment in the rigid environment is the same as the method of the proposed hybrid position/force control experiment in the flexible environment. Here, F fmax is defined as the maximum error of force tracking in the flexible environment. F rmax is the maximum error of force tracking in the rigid environment. The results of the force tracking and the trajectory tracking of the continuum robot in the flexible and rigid environments are summarized and compared in Table 6 .
According to Table 6 , the experimental results show that the proposed hybrid position/force control can track the force change and the position in both flexible and rigid environments with different configurations at the same time. Under the circumstance that the configuration and the desired contact force of the continuum robot are the same in both flexible and rigid environments, the maximum error of force tracking and trajectory tracking in the flexible environment is comparatively larger than that in the rigid environment. The errors of force tracking are caused by the friction between the disks and the backbones. The error of trajectory tracking mainly comes from the corresponding time of the motor and extension/contraction of the actuation lines. In addition, the selection matrix elements of hybrid position/force control of continuum robot have only two states, 0 and 1. When switching from one state to another state, the transition process may not be smooth, which will make the control system unstable, thus affecting the precision of hybrid position/force control of continuum robot.
Next, the effect of the stiffness of the sponge on hybrid position/force control is verified by experiments. Here, assuming that ϕ = 0 • , θ = 40
• and F r = 0.2t, the maximum errors of force tracking and trajectory tracking are shown in Fig. 16 . The experimental results show that the hybrid position/force control can track the force and the position with a change of K s at the same time. Moreover, with the stiffness of the sponge increasing, the force control error and the position control error of the hybrid position/force control are decreasing. The specific analysis is as follows: In Fig. 16(a) Fig. 16(b) , X fmax decreases with the increase in K s . When K s [0.1, 0.3] (N/mm), the speed of the decrease in X fmax is greater. When K s [0. 3, 1] (N/mm), the speed of the decrease in F fmax is smaller.
In the paper, the knowledge of the environment stiffness K r is given. However, if the end of the continuum robot contacts unknown environment, the stiffness information of the environment is not easy to obtain, so the measurement method of unknown environmental stiffness will also be studied in the future. Moreover, the knowledge of contact force F r between the end of the continuum robot and the environment is also not easy to obtain. Thus, adding a 6-DOF force sensor at the end of the continuum robot will be researched to obtain the accurate contact force between the end of the continuum robot and the environment.
VI. CONCLUSIONS
In this paper, a hybrid position/force control model for the continuum robot based on robotic and environmental compliance was proposed. First, the forward kinematics and inverse kinematics of the driving space to the task space were established directly. Moreover, the Jacobian matrix of the driving space to the task space was derived. Afterward, a simplified dynamics model of the continuum robot was constructed by the Lagrange dynamics method. Based on the proposed kinematics and dynamics models of the continuum robot, a hybrid position/force control model for a continuum robot based on the compliance of the continuum robot and environment was proposed. The dual control inputs (position and force) were merged in the driving space of the continuum robot. The contact environment was found to be equivalent to mechanical impedance. Thus, the end position of the continuum robot to be modified by the deformation of the continuum robot and environment. Moreover, the proposed hybrid position/force control model was proved to be stable, based on input-output stability theory. Finally, the proposed hybrid position/force control model was verified by the experiments in both flexible and rigid environments; the experimental results indicated that the proposed hybrid position/force control model of the continuum robot is feasible. 
